
Faltings p
Grothendieck

I.
II. Galois cohomology

III. p-divisible group

I

(A.) C C X C proper
smooth

Hi
sing(X, C)

singular cohomology
⊕

p+q=i

Hp(X, Ωq
X)

Hodge cohomology X
X

Hodge

Hi
sing(X, C) ∼=

⊕

p+q=i

Hp(X, Ωq
X)
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(B.) p K Qp A ⊆ K

X → Spec(A) A smooth proper X
def= X ⊗A K

Hodge cohomology (A.) p
singular cohomology étale co-

homology

(1) Hi
et(X ⊗K K,Zp) K K

(2) ⊕p+q=i Hp(X , Ωq
X/A)

Zp rank Betti
A rank Betti

ΓK
def= Gal(K/K)

ΓK

Grothendieck mysterious functor
π1 Grothendieck mys-

terious

Grothendieck
[3] mysterious functor Faltings

(C.) Faltings [2]
χ : ΓK → Z×

p ΓK - Zp(1)

ΓK - M n ∈ Z M(n) def= M⊗Zp
Zp(1)⊗n Faltings[2]

Theorem 1: Let X → Spec(A) be proper and smooth. Then there exists a natural
ΓK -equivariant isomorphism (for all i ∈ Z)

Hi
et(X ⊗K K,Zp) ⊗Zp

K
∧ ∼=

⊕

p+q=i

Hp(X, Ωq
X/K) ⊗K K

∧
(−q)

Moreover, there also exist integral and mod pn versions of this isomorphism.
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II Galois cohomology

(A.) C Stokes Faltings
C (I.) (A.)

proper
general nonsense

C
X C

resolution C∞ de Rham complex
complex

complex
n Stokes

p Stokes
Galois cohomology

(B.) Zp- A (I.) (B.) R A smooth
d R dlog(ui) ΩR/A

u1, . . . ud R R

ΓR
def= Gal(RK/RK) ΓR Galois cohomology

R∞
def= R[ζp∞ , u

1/p∞

i ] ⊆ R

ζp∞ p R

(∗alm) R R∞

B- C B
e ∈ C ⊗B C[1/p]
ε > 0 pε · e C ⊗B C →

C ⊗B C[1/p] C B
diagonal Spec(C ⊗B C) e ∈ C ⊗B C

C ⊗B C

C B-lattice
A[ζp∞ ]- A

def= K
(∗alm)

R height 1 prime DVR
DVR
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(C.)

pε

Galois cohomology C B Galois Galois G C[G]-

ΩA/A ⊗A R → ΩR/R → ΩR/R⊗AA → 0

ΩA/A
∼= K/ρ−1A(1) ρ ∈ A −

{0}

0 → (R[1/p]/ρ−1R)(1) → ? → ΩR/A ⊗R (R[1/p]/R) → 0

Hom(Qp/Zp(1), ·) Galois

0 → ρ−1R
∧ → Eρ → ΩR/V ⊗R R

∧
(−1) → 0

ΔR
def= Ker(ΓR → ΓK) ΓK -

ΩR/V ⊗R R
∧
K(−1) → H1(ΔR, R

∧
K)

Hi(ΔR, R
∧
K) Galois cohomology R∞/R

Gal(R∞/R) ∼= Zd+1
p Galois cohomology

ΓK -

φi : Ωi
R/V ⊗R R

∧
K(−1) → Hi(ΔR, R

∧
K)

X Spec(R)
Spec(R) φi

Remark: Faltings [2] φi Faltings

(D.) Spec(R) → X RK ΓR-
Xet RK

Hi
et(XK ,Qp) → Hi

et(XK ,RK)

φi

Hi
et(XK ,RK) ∼=

⊕

p+q=i

Hp(X, Ωq
X/K(−q)) ⊗K K

∧

ΓK -

4



Hi
et(XK ,Qp) ⊗Qp

K
∧ →

⊕

p+q=i

Hp(X, Ωq
X/K(−q)) ⊗K K

∧

Poincaré duality
Chern

III p-divisible group

(A.) Tate G → Spec(A) p-divisible group [5]
p-divisible group

p Ker(pn)
p-divisible group

p-divisible group G G → Spec(A)
G Ker(pn) union G

G unique G ΘG G
G Spec(K) Hom(Qp/Zp, ·)

Tate T (G) T (G)
ΓK - [5]

Theorem 2: Let G → Spec(A) be a p-divisible group. Then there is a natural isomor-
phism of ΓK -modules

T (G) ⊗Qp
K

∧ ∼= ((ΩG∗) ⊕ ΘG(1)) ⊗A K
∧

(Here, ΩG∗ is the A-dual of the A-module ΘG∗ , and G∗ is the dual p-divisible group to G.)
Moreover, when G arises from an abelian variety, this isomorphism commutes with that of
Theorem 1 (due to Faltings).

(B.) A Zp [6]
p-divisible group G filtration

A- Dieudonné- F 1(M) ⊆ M M Frobenius
A Frobenius ΦM : M → M

F 1(M) ∼= ΩG; M/F 1(M) ∼= ΘG∗

M G de Rham cohomology
(F 1(M) ⊆ M, ΦM ) G
Tate T (G) Bcrys M Frobenius

ΦM
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Grothendieck

I.
II. Local pro-p Grothendieck Conjecture

I

(A.) Serre-Tate hyperbolic p base Serre-
Tate

hyperbolic
k p A

def= W (k)
Witt Ag Zp

p étale formal stack

Aord
g → Ag

Aord
g Frobenius ΦA : Aord

g → Aord
g

ΦA A- Serre-Tate
Mg,r Zp (g, r)

p étale formal stack

N ord

g,r → Mg,r

N ord

g,r Frobenius ΦN : N ord

g,r → N ord

g,r

ΦN A- N ord

g,r

N ord

g,r → Mg,r open immersion N ord

g,r

Mg,r Mg,r A- A
X → Spec(A) X

(B.) Frobenius : (A.)
N ord

g,r ΦN
(A.)
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X → Spec(A) g ≥ 2

Definition 1: (P → X,∇P ) X P1-bundle section σ : X →
P σ ∇P σ Kodaira-Spencer map τX → σ∗τP/X

τ tangent bundle Kodaira-Spencer map
σ (P,∇P ) indigenous bundle

X P def= (P,∇P ) P Crys(X ⊗A k/A) crystal
Xk

def= X ⊗A k Frobenius Φ∗
XP

Crys(X ⊗A k/A) crystal Frobenius
Frobenius P

Frobenius Φ∗
XP def= P

Φ∗
XP integral structure

Qp F∗P Frobenius
renormalized Frobenius

Frobenius

Definition 2: P F∗P ∼= P P Frobenius

([4])

Theorem 1: X → Spec(A) (A.) ordinary
Frobenius P

(C.) Galois : X → Spec(A) Theorem 1
Frobenius P X Dieudonné

P X p-divisible group G → X Dieudonné P(−)
Dieudonné

(III.) (B.) parametrized version G XK
def=

X ⊗A K K A ΠX
def= π1(XK)

κX : ΠX → GL2(Zp)

X κX crystalline
p-divisible group

ΠX crystalline
X

κX crystalline X
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(D.) : V → Spec(A) p
Tate Tp(V ) Tp(V )

V
g ≥ 2 X → Spec(A) ΠX

ΓK
def= Gal(K) π1 ΔX ⊆ ΠX X

II Local pro-p Grothendieck Conjecture

(A.) [3] : [3]

Theorem 2: Let K be as above. Let XK → Spec(K) and X ′
K → Spec(K) be smooth,

proper, geometrically connected curves over K of genus ≥ 2. Let ΔX (respectively, ΔX′)
be the pro-p completion of the geometric fundamental group of XK (respectively, X ′

K).
Then the natural map

IsomK(XK , X ′
K) → Outρ(ΔX , ΔX′)

defined by “looking at the induced morphism on fundamental groups” is bijective. Here,
“Outρ” denotes outer isomorphisms between the two groups in parentheses that are com-
patible with the natural outer actions of ΓK .

XK ΔX ΓK

(I.) (D.)
Theorem 2 XK

ΠX XK

XK ΠX

(I.) (D.) ΠX →
GL2(Zp) κX crystalline

X
crystalline

ΠX crystalline X p-divisible group
Theorem 2
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(B.) [3] : L (K )p p OL

kL K k

φ : Spec(L) → XK

αφ : ΓL → ΠX

α : ΓL → ΠX φ
ΓL → ΠX [3]

Theorem 3: α

[3] Section 7 Section 10

Theorem 3 Theorem 2 Faltings
α

α = αφ R
L R L

L Galois cohomology

H1(ΔL, L
∧
(1)) ∼= ΩL ⊗L L

∧

ΔL
def= Ker(ΓL → ΓK) XK K(π, 1)

Theorem 1

H1(ΔX , K
∧
(1)) ∼= H1

et(XK , K
∧
(1)) ∼= (H0(XK , ΩXK/K)⊗KK

∧
)⊕(H1(XK ,OXK

)⊗KK
∧
(1))

Zariski
α = αφ

H1(ΔX , K
∧
(1))ΓK → H1(ΔL, L

∧
(1))

ΓK ΓK -

H0(XK , ΩXK/K) → ΩL ⊗L L
∧

(
XK nonhyperelliptic XK → P

def= P(H0(XK , ΩXK/K))
φ ∈ XK(L) ⊆ XK(L

∧
)

φ dominant XK φ P
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Theorem 2 Faltings The-
orem 3 Theorem 3

(C.) Theo-
rem 2 Theorem 3
Faltings λ :
ΠX → PGL2(Zp) λ X p-divisible group G (B.)

αφ : ΓL → ΠX λ ΓL αφ Spec(OL)
p-divisible group (B.)

Theorem 3 (I.) (C.) [3], Theorem 10.6,
and [4], Chapter IV, Theorem 1.3

Theorem 4: In order that a curve X → Spec(A) = Spec(W (k)) (where k is a perfect
field) be canonical, it is necessary and sufficient that there exist a representation κX :
ΠX → PGL2(Zp) (whose corresponding ΠX-module we denote by V ) such that: (i) the
ΓK -modules Hi(ΔX , Ad(V )) satisfy certain (not so important) properties (which we omit
here for the sake of brevity); (ii) det(V ) is the cyclotomic character; (iii) the restriction of
κX to ΓL with respect to every geometric α : ΓL → ΠX arises from a p-divisible group of
dimension 1 on Spec(OL).
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